This paper describes a study of combined Rayleigh-Benard convection and
Introduction
The instability of an inclined layer of fluid bounded on both sides by permeable beds, due to combined thermal stratification and viscous shear is investigated in this paper because of its natural occurrence and its importance in the process of technology (for example, chemical engineering and some oil recovery techniques). It is also of interest in many geophysical problems (for example, the determination of reservoir characteristics in the geothermal region) and biomechanical problems (for example, blood flow in pulmonary alvelor sheet, see Fung and Tang [1, 2] ) where the layer is bounded on both sides by porous material. In the geothermal region, the main mechanism of transfer of heat from the deep igneous rocks to shallow depths is buoyancy induced convection. Meteoric liquid percolating down to depth in a permeable formation is heated directly or indirectly by the intruded magma and is then driven buoyantly upward to the top of the aquifer where it can be trapped through drill holes. A viable geothermal reservoir usually consists of a sloping layer bounded on both sides by porous beds. Therefore, the criterion for the onset of convection in such a model considered in this paper may shed some insight on the study of transport processes in geothermal reservoirs.
The instability of a layer of fluid due to thermal stratification (known as Rayleigh-Bernard problem, see Chandrasekhar [3] ) or due to viscous shear (known as Tollmien-Schlichting type of oscillations, see Betchov and Criminal, Jr. [4] ) has been extensively investigated when the Contributed by the Applied Mechanics Division for publication in the JOURNAL OF APPLIED MECHANICS.
Discussion on this paper should be addressed to the Editorial Department, ASME, United Engineering Center, 345 East 47th Street, New York, N.Y. 10017, and will be accepted until two months al'ler final publication of the paper itself in the JOURNAL OF APPLIED MECHANICS. Manuscript received by ASME Applied Mechanics Division, April 1981; final revision, Spetember 1981. layer is bounded by impermeable rigid boundaries. Much attention has also been given to the study of instability of an inclined layer of fluid bounded on both sides by rigid impermeable plates (see Hart [5] , Ruth [6] , and Unny [7] ). Natural convection in an inclined porous layer is also given considerable attention (see Bories and Combarnous [8] , Kaneko, et al. [9] , and Combarnous and Aziz [10] ). However, we know relatively little about the instability of an inclined layer of fluid bounded on both sides by a porous material, which is considered in this paper.
The core problem here is to specify the proper boundary conditions at the permeables boundaries, since the vertical transport of heat depends strongly on what happens near the boundaries. Until recently, it was assumed that the no-slip boundary conditions are valid at the permeable boundaries. However, Beavers and Joseph ( [11] , hereafter called BJ) have shown that this no-slip condition is no longer valid at the porous boundaries and postulated the slip boundary condition called the BJ slip condition and verified it experimentally. This BJ condition was later confirmed experimentally by others (Beavers et al. [12] , Taylor [13] , and Rajasekhara [14] ). Recently Channabasappa and Ranganna [15] have established the existence of a slip even in the case of an inclined channel. This velocity slip not only causes skewing of the main flow velocity profile in the channel but also permits a nonzero, streamwise disturbance velocity at the walls. The existence of the slip at the permeable boundary is based on the assumption of laminar flow. Therefore it is of interest to determine the condition for the transition from conduction to convective flow, which is the object of this paper. Here, we study the linear stability of a laminar flow in a channel bounded on both sides by a permeable material and inclined at an angle 4> to the horizontal (Fig. 1) . The novel feature of the linear stability problem considered here is the coupling between Rayleigh-Benard type of instability due to uniform heating from below and cooling from above and Tollmien-Schlichting wave-like instability due to shear.
When the channel is horizontal and bounded on one side by a permeable bed, Sparrow, et al. [16] have investigated the linear stability using finite-difference technique. We note that the difficulty and the computer time required in solving the stability equation using finite difference technique has precluded a detailed study of the present problem. Hence the solution technique used in the present study is the classical power series method (Sparrow, et al. [17] , and Ruth [6] ) which is found to be a fast converging method. It is shown that the instability sets in at a lower Grashof number than that of the fluid in the channel bounded on both sides by rigid impermeable boundaries due to reduction in friction at the bounding surfaces. In particular, it is shown that there exists a fairly close analogy between convective motions in the present problem and in a fluid layer bounded by rigid boundaries.
Mathematical Formulation
The physical configuration of the problem under study is shown in Fig. 1 . The fluid is contained between two parallel, porous layers of infinite extent, separated by a distance "h" apart and inclined at an angle 4> to the horizontal. The temperature difference between the layers is AT, the upper layer having temperature T 0 -AT/2 and the lower T 0 + AT/2. Cartesian coordinate system (x, y, z) is taken as shown in Fig.  1 , with corresponding velocity components (u, v, w) .
For this configuration, the governing equations of motion for a Boussinesq fluid, made dimensionless using h for length scale, v/h for velocity scale, AT for temperature, and pgh for pressure, are
Pr where q is the velocity, T the temperature, T 0 the ambient temperature, p the pressure, p the density, a = cos 4>), the gravity vector,
•q=gh i /v 2 Gr = rifiAT, the Grashof number,
Cpfi
(sin 4>, 0, Pr = K the Prandtl number g the gravitational acceleration, n the viscosity, v the kinematic viscosity, |3 the thermal expansion coefficient, C p the constant pressure specific heat and K is the thermal conductivity. Equations (2a)-(2c) reduce to those given by Hart [5] when </ > = 90-5 and with suitable dimensionless parameters. The boundary conditions are,
(2/0 where u m and u B2 are the slip velocities at the upper and lower interfaces, respectively, and Q x and Q 2 are the Darcy velocities at the edge of the boundary layers, i.e., z = ± 1/2 ± \/a (see Rudraiah and Veerbhadraiah [18] where they have shown that the boundary layer is of order \/a).
The Darcy velocity in the bed is given by,
where a = hi, yfk is the permeability parameter, k is the permeability of the porous material, and a is the slip parameter. This Darcy velocity is valid away from the nominal surface (see Rudraiah and Masuoka [19] ).
Conditions ( 
a(6a + a) J where the sufffix b denotes the base flow.
2.2 The Perturbation Equations. At sufficiently large Gr, the conduction base flow regime, discussed in Section 2.1, becomes unstable and suffers a transition to convection regime. Transitions resulting in transverse rolls with their axes in the ^-direction are considered in this paper. For this, we superimpose on the flow a small symmetrical disturbance of the form
where the primes denote the perturbed quantities which are assumed to be very small compared to the base flow. Substituting (2q) into the equations (2a) -(2c), linearizing and assuming that all the perturbed quantities vary in the form
The solution of this equation satisfying the condition (2a) is 9 = 0. That is, the temperature perturbation vanishes and the instability is strictly due to shearing. 
where Wis the velocity, 9 the temperature, c( = cr + ici) the wave velocity, a the horizontal wave number, and
The corresponding boundary conditions are,
We note that when u B = 0 (i.e., quiescent state) and <t> = 0 equations (2s) and (2t) tend to the usual Rayleigh-Benard equations given by Chandrasekhar [3] .
Marginal Stability Analysis
Since there are no external constraints like magnetic field, rotation, or salinity gradient on the motion, we assume that the marginal state is valid immediately after transition so that c = 0 in equations (2s) and (2t).
We shall consider the cases: where Gr = Gr sin <j>-We note that, since Gr scales with sin 4>, a solution for one particular angle will provide stability condition for all angles. A solution of equation (3b) is obtained in Section 4 using the power series method.
3.2
The case when cf> = 0, This is the usual RayleighBe"nard problem with porous boundaries. In this case equations (2*) and (20 take the form,
These simplify to the form
where Ra = Pr«Gr, is the Rayleigh number and Pr does not appear explicitly. The eigenvalues of equation (3e) are determined using the power series method as explained in Section 4.
The
Case When Pr ?± 0. Here we have the coupling between Tollmien-Schlichting wave-like instability due to shear and Rayleigh-Benard type of instability due to uniform heating from below and cooling from above. Equations (2^) and (20 using 
where b k and c k are arbitrary constants. These constants are determined by substituting equations (4a) and (4b) into equations (3/) and (3g). Assuming,
where where 5 ki is the Kronecker delta. For k > 4, A","=0, m<«
A"," = l,m>«
Since G" is arbitrary and nonzero when the solution is nontrivial, it has been removed from the preceding equations. The constants b t (i = 1-4) and Cj (J = 1,2) must be chosen to satisfy the boundary conditions (2«). The condition for the nontrivial solution of these constants leads to the characteristic equation, 
where k ranges from l-oo. The required eigenvalues are determined using the following numerical procedure. For a particular value of a, Gr is given a guess value and \A mn I is calculated. Using an appropriate iteration technique Gr is varied until \A"," I = 0 up to a certain approximation. To find the critical value of Gr, its value is calculated for a range of values of a. The minimum value of Gr is taken as Gr c and the corresponding a, The same procedure is adopted to find the eigenvalues in the particular cases for Pr = 0 and 0 = 0 and the results are discussed in the following section.
Discussions
The stability of flow in an inclined channel bounded on both sides by porous layers with uniform heating from below and cooling from above has been studied for various inclinations 4>, when Pr = 0 (absence of buoyancy force, i.e., pure shear), 0.025 (mercury), and 0.71 (air), for different values of a, using a simple, fast convergent power series technique. Gr is iterated on using Newton-Raphson method up to an accuracy of 10~8. The accuracy of the results depends on the number of terms used in the power series. It has been found that convergence in Gr to 8 figures accuracy requires 70 terms.
5.1
The Case When Pr ^ 0. In Table 1 , we have the critical Rayleigh numbers (Ra) c and critical wave numbers, a c , for different inclinations 4> and various values of a when Pr = 0.025 and 0.71, with shear dominating in the former case and thermal gradient predominant in the latter case. The critical Rayleigh numbers are plotted against different a's in Figs. 2 and 3. We note that there is a considerable decrease in (Ra) c for values of a between 100 and 400 due to the slip at the bed, with no appreciable change for large values of a. For large values of a the (Ra) c tends to the values of fluid layer bounded by impermeable boundaries considered by Ruth [6] . It is interesting to note that with increase in <f> (Ra) c decreases for Pr = 0.025 and increases for Pr = 0.71. This is because of different nature of buoyancy force phenomena in mercury and air. In the case of mercury (small Pr = 0.025) the control of convection is due to the tangential component of buoyancy which decreases with a decrease in inclination from the vertical. Hence convection sets in at a higher critical Rayleigh number as evident from Fig. 2 . In the case of air, however, the normal component of buoyancy force is dominating and a very different kind of flow drive arises. This sets up a secondary flow in addition to the base flow. Hence the system becomes more unstable and a reverse phenomena to that in mercury occurs (see Fig. 3 ). Transactions of the AS ME Gr sin 0) for Pr = = 0 (Gf) c . 
(5c) Figure 4 shows the variation of (Gr) c and a c with respect to a. As in Section 5.1, we note that (Gr) c decreases considerably for small values of a and tends to a constant value for large a because of the existence of the slip. From equations (5a)-(5c), it is clear that (Gr) c is minimum for <j> = 90 deg and these equations are not valid for <j> = 0. The case <f> = 0 is treated separately in the following section.
5.3
The Case When 0 = 0. The critical Rayleigh numbers and critical wave numbers, in this case, are computed and are shown in Table 3 . The critical Rayleigh numbers are denoted as (Ra)co. Following Birikh, et al. [20] , stability condition for longitudinal rolls is derived in the form the critical wave number a c for various inclinations are shown in Figs. 7 and 8. As a decreases a c also decreases. We see that in Fig. 7 , the difference in a c for a = 10 2 and a = 10 3 is quite large. So, as a decreases, the wave lengths are increased. Thus, for smaller values of a, the convection cells are elongated. Also, there is a notable change in a c between q> = 30 and </ > = 40 for Pr = 0.71, a = 100,250. For these values of a, a c decreases in this region whereas for higher values of a, a c increases between <j> = 30 deg and <j> = 40 deg. We note that at Pr = 0.025, the shear would be very important and the indirect convective instability exhibiting transverse rolls with low wave numbers prevail. At Pr = 0.71 instability results in the form of longitudinals rolls having larger wave numbers.
Comparison of the results for a -oo with those for other values of a reported in Tables 1-3 reveals that the effect of decrease in a is to make the system less stable because of the reduction in friction at the boundaries. It is also of interest to compare our results with those of Hart [5] and Ruth [6] for a -oo. This is done in Table 4 for Pr = 0.71. In this table, we have not reported the results of Unny [7] since they do not agree well with our results. Although agreement with Unny [7] is not obtained, the good agreement with Hart [5] and Ruth [6] can be interpreted as validation of the power series method employed in this paper.
Conclusion
The power series method employed in this paper to study convection in an inclined channel bounded on both sides by porous beds reveals a close analogy between the results of the present problem and those of a fluid layer studied by Hart [5] and Ruth [6] . Two main conclusions are as follows:
(/) The convective movements in the case of mercury (Pr = 0.025) are in the form of transverse rolls for all angles. In the case of air (Pr = 0.71), however, the convective movements are in the form of longitudinal rolls for the range of inclination 0 deg < 4> < 70 deg and transverse rolls exist only in the narrow region of 70 deg < </ > < 90 deg. The physical explanation for the existence of these different convective movements is given based on the dominant role of the components of buoyancy force.
(if) The effect of porous boundaries is to make the system less stable due to the existence of the slip at the nominal surfaces. Further, the critical Grashof, Rayleigh, and wave numbers vary considerably with the porous parameter a, decreasing with decreasing a because of the reduction in friction at the porous boundaries. In the case of air, two different behaviors of critical numbers a c are observed (Figs. 7 and 8). For 30 deg < <t> < 40 deg, and for a = 100,250, a c decreases in this region and the convection cells are elongated. For higher values of a, however, a c increases for 30 deg < </ > < 40 deg.
